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Abstract 

This research considers a mathematical study of the population size of the patient of the 
diabetes. This study also considers the number of patients with some complications. 
Through well defining parameter, mathematical model has been categorized into linear 
or nonlinear. The nonlinear model is presented and threshold value of the population is 
analyzed for their stability. Modeling equations are simplified using Fractional 
Variational Iteration Method and Fractional Homotopy Perturbation Method. 
Figures for validation are obtained using Maple. Considered parameters regarding the 
population size of diabetes and the number of diabetes patients with complication have 
largely affect at a time t. Numerical schemes are developed to solve the modeling 
equations and the numerical simulation is conducted. 
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Introduction 

In several decades, emergence of fraction calculus i.e., order of derivative is fractional works as an important tool 

in several disciplines of scientific engineering like electromagnetic theory, electric technology, bioengineering, 

viscoelasticity, control theory, dynamic traffic fluid, neurophysiology, industrial robotics, mathematical economy, 

potential theory etc. [1-11]. In nature almost all real-world processes are of fractional order. Diffusion of heat into 

semi-infinite solid in which the half derivative of temperature is considered is good example of fractional order. 

 

The systems with memory are best explained by fractional differential equations. The order in fractional differential 

equations includes the more degree of freedom, randomness and arbitrariness to result accurate models which 

ultimately results in better robustness and flexibility in the modeling of signal systems [12]. Moreover, diffusion 

process in double layer charge is better portrayed in the analysis of fractional order systems. Therefore, the modeling 

of lithium battery and super capacitors are performed with fractional differential equations. Also, the ceramic bodies 

characterization and the decay rate of fruits and meats are of the prime importance topics of applications of 

fractional order differential equations. 

 

There is one more popular area of research to study of earthquake, volcano, and thermo kinetics design and human 

lungs modeling. Further, economic fluctuations of the market also characterize by fractional differential equation 

modeling. Based on these several applications of fractional order differential equations, it is observed by several 

researchers the diabetes modeling has tremendous results using fractional differential equations. 
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Diabetes is the medication condition of the body failure producing the significant amount of insulin in the body to 

maintain the sugar level [13]. In most of the cases patients suffer this body failure and recommended taking insulin 

injection in the body. This is the case of type I diabetes.  

 

However, the type II disease is the health illness which is caused due to unbalanced meal. Losing weight and balance 

diet are the two major ways of treatment in addition to oral medication. In these patients of type II diabetes heart 

diseases may strike in the long time [14].  

 

There are two types of diabetes are endemic worldwide: type I and type II. Both type I and type II are insulin 

dependent at some stage; type I is insulin dependent from initial to final but type II is insulin dependent only when 

the patient is in need. Type I attack the people below 40 and about 10 to 15 % of the world’s population have 

diabetes. In the initial stage type II identified as non-insulin dependent include the majority of diabetes population 

about 80-90%. The major cause for diabetes is the spread of obesity.  For obesity, unsymmetrical food patterns 

among the humans are responsible. Several researchers reveals that in the time of approximately ten years, most 

obese children will have type II diabetes rather type I [15–22].  

 

However, this medical condition is not notifiable to UK health care agencies. The health survey conducted in 

England reveals that diabetes is prevalent in 3% of the men and 2% in women [23]. In the recent reports of WHO 

and International Diabetes Federation raise a concern in increasing number of case of diabetes around the world 

[24,25].  Year 2003 estimates the diabetes prevalence worldwide was still 3%, shows that 190-195 million people are 

diabetic, living in developing countries [25].  

 

Gestational Diabetes also spread during pregnancy due to the hormonal imbalances and starts from fifth month in 

pregnancy. However, 45-50 % of women with gestational diabetes get diabetes in their later life [26]. 

      These rates of change are formalized by the ordinary differential equations (ODEs)  

 
dD(t)

dt
=  I − (λ + μ)𝐷 + γC,       

dC(t)

dt
=  I + λ𝐷 −  (γ + μ + ν + δ)C,                                                                                            (1) 

 

where D indicates the no. of diabetics .C denotes the no. of diabetics having complications. I represent the 

occurrence of diabetes mellitus. 

The fractional diabetes model and it indicates the size of diabetes at the time t, then we get,  

 
dαC(t)

dtα =  −(λ + θ)𝐶 + λN,   t > 0    

dαN(t)

dtα =  I − (ν + δ)C − μN,                                                                                                         (2) 

 

where μ denotes the rate of natural mortality, λ indicates the probability of a diabetic person, γ shows the rate of 

healing complications, ν stands for the rate at which diabetic patients having complication converts critically disabled 

and δ denotes the mortality rate because of complications.  

 

Fractional variational iteration method (FVIM) [27–30] directly attacks the nonlinear terms and gives result in an 

infinite series. This method does not require linearization, discretization, perturbations or any restrictive 

assumptions.  

 

Preliminaries 

Definition 2.1. Consider a real function h (χ), χ > 0. It is called in space 𝐶𝜁 , 𝜁 𝜖 𝑅 if  a real no. b (> 𝜁), s.t. h (χ) 

= χ b h1 (χ), ℎ1 𝜖 𝐶[0, ∞]. It is clear that 𝐶𝜁 
⊂  𝐶𝛾 if γ ≤ 𝜁.  
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Definition 2.2. Consider a function h (χ), χ > 0. It is called in space 𝐶𝜁
𝑚, 𝑚 𝜖 ℕ ∪ {0} if ℎ(𝑚)𝜖 𝐶𝜁. 

Definition 2.3. Left sided Caputo fractional derivative of ℎ, ℎ 𝜖 𝐶−1
𝑚 , 𝑚 ∈ ℕ ∪ {0}, 

   𝐷𝑡
𝛽

ℎ(𝑡) = {
𝐼𝑚−𝛽ℎ(𝑚)(𝑡), 𝑚 − 1 < 𝛽 < 𝑚, 𝑚 𝜖 ℕ,

𝑑𝑚

𝑑𝑡𝑚 ℎ(𝑡), 𝛽 = 𝑚,
 

𝒂.   𝐼𝑡
𝜁

ℎ(𝑥, 𝑡) =
1

𝛤𝜁
∫ (𝑡 − 𝑠)𝜁−1ℎ(𝑥, 𝑠)𝑑𝑠;  𝜁, 𝑡 > 0.

𝑡

0
  

𝒃.  𝐷𝜏
ν𝑉(𝑥, 𝜏) = 𝐼𝜏

𝑚−ν 𝜕𝑚𝑉(𝑥,𝜏)

𝜕𝑡𝑚 , 𝑚 − 1 < ν ≤ 𝑚.  

𝒄.   𝐷𝑡
𝜁

𝐼𝑡
𝜁

ℎ(𝑡) = ℎ(𝑡) , 𝑚 − 1 < ζ ≤ 𝑚, 𝑚 𝜖 ℕ. 

𝒅.   𝐼𝑡
𝜁

𝐷𝑡
𝜁

ℎ(𝑡) = ℎ(𝑡) − ∑ ℎ𝑘(0+)
𝑡𝑘

𝑘!
𝑚−1
𝑘=1  , 𝑚 − 1 < ζ ≤ 𝑚, , 𝑚 𝜖 ℕ. 

 𝒆.  𝐼𝑣𝑡𝜁 =  
𝛤(𝜁+1)

𝛤(𝑣+𝜁+1)
𝑡𝑣+𝜁 . 

Definition 2.4. Laplace transform of Caputo fractional derivative is  

𝐿[𝐷𝛼𝑔(𝑡)] = 𝑝𝛼𝐹(𝑝) − ∑ 𝑝𝛼−𝑘−1

𝑛−1

𝑘=0

𝑔(𝑘)(0), 𝑛 − 1 < 𝛼 ≤ 𝑛. 

Lemma[37]. If u and its partial derivatives are continuous, the fractional derivative 𝐷𝑡
𝛼𝑢(𝑥, 𝑦, 𝑧, 𝑡) is bounded. 

Basic plan of FVIM for fractional diabetes model 

Consider the mathematical model described by Eq. (2) as 
dαC(t)

dtα =  −(λ + θ)𝐶 + λN,   t > 0    

dαN(t)

dtα =  I − (ν + δ)C − μN,                                                                                   (3) 

with initial condition 𝐶(0) = 𝐶0,   𝑁(0) = 𝑁0    

A correction functional is built for Eq. (3) as, 

Cn+1(t) = Cn(t) + ∫ λ (
dαC(t)

dξα + (λ + θ)𝐶 − λN)
t

0
(dξ)α,      

Nn+1(t) = Nn(t) + ∫ λ (
dαN(t)

dξα −  I + (ν + δ)C + μN)
t

0
(dξ)α                                 (4)                                                                                              

where λ is Lagrange’s multiplier. By variational theory, λ must satisfy 

 
dαλ

dξα |ξ=x = 0     and,  1 + λ|ξ=x = 0.                                                          

We quickly get, λ = −1. Then, using it in Eq. (4), we get 

Cn+1(t) = Cn(t) − ∫ (
dαC(t)

dξα + (λ + θ)𝐶 − λN)
t

0
(dξ)α,      

Nn+1(t) = Nn(t) − ∫ (
dαN(t)

dξα −  I + (ν + δ)C + μN)
t

0
(dξ)α ,                                 (5)                                                           

Finally, we obtain sequences Cn+1(t), Nn+1(t), n ≥ 0 of solution. Exact solution is gained as 𝐶(𝑡) =

lim
𝑛→∞

𝐶𝑛(𝑡)   𝑎𝑛𝑑 𝑁(𝑡) = lim
𝑛→∞

𝑁𝑛(𝑡) .                        

                      

 

Basic plan of FHPTM for fractional diabetes model 

To illustrate the process of solution of the FHPTM, we ponder over the system of nonlinear time-fractional 

PDEs : 

dαC(t)

dtα =  −(λ + θ)𝐶 + λN,   t > 0                                                                                                        (6) 

dαN(t)

dtα =  I − (ν + δ)C − μN,                                                                              (7)         

with initial values  u(x,0) = h1(x), v(x,0) = h2(x)                            (8) 

https://rhimrj.co.in/
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Here, 
t








is (Caputo) fractional derivative of order α, S1, S2 and Q1, Q2 are operators, linear & nonlinear 

respectively; g1 and g2 are the source terms. Also, 0 < α ≤ 1. 

Taking Laplace transform on both sides  

1 1 1[ ( , )] [ ( , )] [ ( , )] [ ( , )]tL D u x t L S u v L Q u v L g x t + + =                                                                (9) 

2 2 2[ ( , )] [ ( , )] [ ( , )] [ ( , )]tL D v x t L S u v L Q u v L g x t + + =                                                                 (10) 

By differentiation property of Laplace transform,   

1

1 1 1 1[ ( , )] ( ) [ ( , )] [ ( , ) ( , )]L u x t p h x p L g x t p L S u v Q u v − − −= − + +                                                   (11) 

1

2 2 2 2[ ( , )] ( ) [ ( , )] [ ( , ) ( , )]L v x t p h x p L g x t p L S u v Q u v − − −= − + +                                              (12) 

Taking inverse transform in Eqs. (11) and (12), we get  

1

1 1 1( , ) ( , ) [ { ( , ) ( , )}]u x t G x t L p L S u v Q u v− −= + +                                                                          (13) 

1

2 2 2( , ) ( , ) [ { ( , ) ( , )}]v x t G x t L p L S u v Q u v− −= + +                                                                         (14) 

Here G1(x, t) and G2(x, t) are the terms coming from the source term and initial values.  

Applying HPM, it is assumed that the result may be articulated as a power series,   

                  
0

( , ) ( , )n

n n

n

u x t p u x t


=

=                                                                                               (15) 

                  
0

( , ) ( , )n

n n

n

v x t p v x t


=

=                                                                                                (16) 

Here, p is reflected as a small parameter ( [0,1])p  called homotopy parameter.  

The non-linear term is decomposed as              

0

( , ) ( )n

n

n

Nu x t p H u


=

=             (17) 

and,     
0

( , ) ( )n

n

n

Nv x t p H v


=

=           (18) 

where nH  and nH  are He’s polynomials of 
0 1 2 3,, , , ......, nu u u u u  and 

0 1 2 3,, , , ......, nv v v v v  respectively. They are 

calculated by the given formulae: 

0 1 2

0 0

1
( , , ,....) , 0,1,2,3,...

n
i

n in
i p

H u u u N p u n
n p



= =

   
= =  

   
        (19) 

and,    0 1 2

0 0

1
( , , ,....) , 0,1,2,3,...

n
i

n in
i p

H v v v N p v n
n p



= =

   
 = =  

   
        (20) 

use Eqs. (10) & (12) in Eq. (8) and Eqs. (11) & (13) in Eq. (9) and applying HPM, we obtain, 
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0

( , )n

n

n

p u x t


=

 = 1

1 1 1( , ) [ { ( , ) ( , )}]G x t pL p L S u v Q u v− −+ +          (21) 

and,   
0

( , )n

n

n

p v x t


=

 = 1

2 2 2( , ) [ { ( , ) ( , )}]G x t pL p L S u v Q u v− −+ +            (22) 

In general. Cherruault and Abbaoui proved the convergence of this above kind of series.  

 

Numerical Implementation of FVIM. 

By using conditions, we may initialize with 𝐶(0) = 𝐶0, N(0) =  𝑁0 and using the application of FVIM to Eqs. (2), 

we get
 
 

C1(t) = C0 − ∫ (
dαC0

dξα + (λ + θ)C0 − λN0)
t

0
(dξ)α ,   

           = C0 −
(−(λ+θ)C0+λN0) tα 

Γ(1+α)
 ,                                                                                                               

(6) 

N1(t) = N0 − ∫ (
dαN0

dξα −  I + (ν + δ)C0 + μN0)
t

0
(dξ)α  , 

           = N0 −
(I−(ν+δ) C0− μ N0) tα 

Γ(1+α)
,                                                                                                             

(7) 

C2(t) = C1 − ∫ (
dαC1

dξα + (λ + θ)C1 − λN1)
t

0
(dξ)α , 

         = C0 +
((λ+θ)C0−λ N0) tα 

Γ(1+α)
+

((−δλ+(θ+λ)2−λν)C0+ λ (I –(θ+ λ+ μ))N0) t2α 

Γ(1+2α)
,                                         

          (8) 

N2(t) = N1 − ∫ (
dαN0

dξα −  I + (ν + δ)C1 + μN1)
t

0
(dξ)α , 

           = N0 +
(−I+ (ν + δ ) C0+ μ N0) tα 

Γ(1+α)
+

(−I μ +(θ+ λ+ μ)(ν+δ )C0+ (𝜇2−𝜆 (ν+δ))N0) t2α 

Γ(1+2α)
.                       (9) 

Proceeding in this way, the next iteration components can be found with the help of Maple package. At last, we can 

get solution as  

𝐶(𝑡) = lim
𝑛→∞

𝐶𝑛(𝑡)  ,      

𝑁(𝑡) = lim
𝑛→∞

𝑁𝑛(𝑡).                                                                                     (10) 

 
Fig. 1. Behavior of C(t) different value of α   
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Fig. 2. Behavior of N(t) different value of α 

 

  
Fig. 3. Behavior of C(t) different value of 𝜈   

 

 
Fig. 4. Behavior of N(t) for 𝜈   
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Fig. 5. Behavior of C(t) for 𝛿   

 

 
Fig. 6. Behavior of N(t) for 𝛿   

 

  
Fig. 7. Behavior of C(t) for 𝜇   
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Fig. 8. Behavior of C(t) for 𝛿 

 

Conclusion 

Application of fractional Variational Iteration Method; FVIM and Fractional Homotopy Perturbation Method; 

FHPTM for diabetes model is presented. Both methods are strong numerical computational method for solving 

nonintegro differential equations. The effect of considering arbitrary order has been observed through numerical 

method. Various parameters have various complications on the number of diabetes patients with respect to time 

are portrayed through graphs. The results obtained in this study are very important for diabetes practitioners.   
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